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Exam Analysis on Manifolds
WBMA013–05
Tuesday 30.01.2024, 8:30 – 10:30

You are allowed to use your cheatsheet (handwritten A4 page) during the exam. Make
sure to clearly explain the steps in your proofs and computations. The exam consists of
two pages with a total of 4 exercises. You get 10 points for free.

Exercise 1. (10 + 10 + 5 points)
Consider the set .

1. Show that  is a smooth manifold. What is its dimension?
2. Compute the critical points and critical values of the projection map 

defined by .
3. The manifold  is the solution of a polynomial equation. If  is a polynomial in  and

 with real coefficients, is the set  always a smooth
manifold? Prove this or give a counterexample.

Exercise 2. (10 + 5 + 10 points)
1. Define and -tensor and explain what it is and its properties in your own words.

What is the difference between a tensor and a tensor field? How do these concepts
relate with the concept of differential forms and metrics?

2. Let , where we are using the global
coordinates .
(a) find the value of  for  and .
(b) Compute  for .

The exam continues on the back side.

𝑀 = {(𝑥, 𝑦) ∈ ∣ = − 𝑥} ⊆ℝ2 𝑦2 𝑥3 ℝ2

𝑀
𝜋 : 𝑀 → ℝ

𝜋(𝑥, 𝑦) = 𝑥
𝑀 𝑃 𝑥

𝑦 𝑀 = {(𝑥, 𝑦) ∈ ∣ 𝑃 (𝑥, 𝑦) = 0}ℝ2

(𝑟, 𝑠)

𝑔 = 𝑑 ⊗ 𝑑 + 𝑑 ⊗ 𝑑 ∈ ( )𝑥1 𝑥1 𝑥2 𝑥2  0
2 ℝ2

( , )𝑥1 𝑥2

𝑔(𝑋, 𝑌 ) 𝑋 = 𝑋𝑖
∂

∂𝑥𝑖 𝑌 = 𝑌𝑖
∂

∂𝑥𝑖

𝑔𝜙∗ 𝜙(𝑟, 𝜃) = (𝑟 cos 𝜃, 𝑟 sin 𝜃)
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Exercise 3. (8 points)
Let  be a smooth manifold. Prove that for all  and for all

,

Exercise 4. (8 + 10 + 14 points)
Let  as a smooth -dimensional manifold. Take on  the global
coordinates  where  and . Let  defined in
coordinates as . Given  define  by

You can assume that a solution  always exists.

1. Show that , where  is the Lie derivative
of a differential form  along the vector field .

2. Show that  is a volume form on . Here .

3. Let , , be a curve solving .
Show that  satisfies the system of differential equations

Hint: express  in the given coordinate basis in terms of  and its
derivatives.

𝑀 𝑋, 𝑌 ∈ (𝑀)
𝑓, 𝑔 ∈ (𝑀)𝐶 ∞

[𝑓𝑋, 𝑔𝑌 ] = 𝑓𝑔[𝑋, 𝑌 ] + 𝑓(𝑋𝑔)𝑌 − 𝑔(𝑌 𝑓)𝑋.

𝑀 = ℝ2𝑛+1 (2𝑛 + 1) 𝑀
( , , 𝑧)𝑥𝑖 𝑦𝑖 𝑥, 𝑦 ∈ ℝ𝑛 𝑧 ∈ ℝ 𝜂 ∈ (𝑀)Ω1

𝜂 := 𝑑𝑧 − 𝑑𝑦𝑖 𝑥𝑖 𝐻 ∈ (𝑀)𝐶 ∞ ∈ (𝑀)𝑋𝐻

{ .𝜂 = −𝐻𝜄𝑋𝐻

𝑑𝜂 = 𝑑𝐻 − 𝑑𝐻( )𝜂𝜄𝑋𝐻
∂

∂𝑧

𝑋𝐻

𝜂 = −𝑑𝐻( )𝜂𝑋𝐻
∂
∂𝑧 𝜔 = 𝑑( 𝜔) + (𝑑𝜔)𝑋 𝜄𝑋 𝜄𝑋

𝜔 𝑋
(𝑑𝜂 ∧ 𝜂)𝑛 𝑀 :=𝜔𝑛 𝜔 ∧ ⋯ ∧ 𝜔  

𝑛 times
𝛾 : 𝐼 ⊂ ℝ → 𝑀 𝛾(𝑡) = ( (𝑡), (𝑡), 𝑧(𝑡))𝑥𝑖 𝑦𝑖 (𝑡) = (𝛾 ′ 𝑋𝐻)𝛾(𝑡)

𝛾

.

⎧

⎩
⎨
⎪⎪
⎪⎪

(𝑡) =𝑥̇𝑗 ∂𝐻
∂𝑦𝑗

∣∣𝛾(𝑡)

(𝑡) = − − (𝑡)𝑦̇𝑗
∂𝐻
∂𝑥𝑗

∣∣𝛾(𝑡)
𝑦𝑗

∂𝐻
∂𝑧

∣∣𝛾(𝑡)

(𝑡) = (𝑡) − 𝐻𝑧̇ 𝑦𝑗
∂𝐻
∂𝑦𝑗

∣∣𝛾(𝑡)
∣∣𝛾(𝑡)

𝑋𝐻 𝐻(𝑥, 𝑦, 𝑧)


